Every Riordan array has what we call a horizontal half and a vertical half. These halves of a Riordan array have been studied separately before. Here, we place them in a common context, showing that one may be obtained from the other. We also ask and answer the question: given a Riordan array, when is it the half (either horizontal of vertical) of a Riordan array? 2048
Preliminaries on Riordan arrays
We recall some facts about Riordan arrays in this introductory section. Readers familiar with Riordan arrays may wish to move on to the next section. A Riordan array is defined by a pair of power series g(x) = g 0 + g 1 x + g 2 x 2 + · · · = ∞ n=0 g n x n , and f (x) = f 1 x + f 2 x 2 + f 3 x 3 + · · · = ∞ n=1 f n x n .
We require that g 0 = 0 (and hence g(x) be invertible, with inverse 1 g(x) ), while we also demand that f 0 = 0 and f 1 = 0 (hence f (x) has a compositional inversef (x) = Rev(f )(x) defined by f (f (x)) = x). The set of such pairs (g(x), f (x)) forms a group (called the Riordan group [4] ) with multiplication (g(x), f (x)) · (u(x), v(x)) = (g(x)u(f (x)), v(f (x)), and with inverses given by (g(x), f (x)) −1 = 1 g(f (x))
,f (x) .
The coefficients of the power series may be drawn from any ring (for example, the integers Z) where these operations make sense. To each such ring there exists a corresponding Riordan group.
There is a matrix representation of this group, where to the element (g(x), f (x)) we associate the matrix (a n,k ) 0≤n,k≤∞ with general element a n,k = [x n ]g(x)f (x) k .
Here, [x n ] is the functional that extracts the coefficient of x n in a power series. In this representation, the group law corresponds to ordinary matrix multiplication, and the inverse of (g(x), f (x)) is represented by the inverse of (a n,k ) 0≤n,k≤∞ .
The Fundamental Theorem of Riordan arrays is the rule
detailing how an array (g(x), f (x)) can act on a power series. This corresponds to the matrix (a n,k ) multiplying the vector (h 0 , h 1 , h 2 , . . .) T .
Example 1. Pascal's triangle, also known as the binomial matrix, is defined by the Riordan group element
This means that we have
To see that this is so, we need to be familiar with the rules of operation of the functional [x n ] [3] . We have
Note that all the arrays in this note are lower triangular matrices of infinite extent. We show appropriate truncations.
Many examples of sequences and Riordan arrays are documented in the On-Line Encyclopedia of Integer Sequences (OEIS) [5, 6] . Sequences are frequently referred to by their OEIS number. For instance, the binomial matrix B = 1 1−x , x 1−x ("Pascal's triangle") is A007318. In the sequel we will not distinguish between an array pair (g(x), f (x)) and its matrix representation.
Having written this note, the author discovered the paper [1] by Peter Bala, written originally in 2015, which covers some of the ground of this paper and can be read as a complementary text.
The vertical and horizontal halves of a Riordan array
Given a Riordan array M = (g(x), f (x)) with matrix representation (T ) n,k ) we shall denote by its vertical half the matrix M V with general (n, k)-th term T 2n−k,n . We have the following result.
Lemma 2. Given a Riordan array M = (g(x), f (x)), its vertical half is the Riordan array
The horizontal half M H of the array M = (g(x), f (x)) is the array whose matrix representation has general (n, k)-th term given by T 2n,n+k . We then have the following result [2] . Lemma 3. Given a Riordan array (g(x), f (x)), its horizontal half is the Riordan array 
The elements of the vertical half of this array are in bold in the following.
1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 3 1 0 0 0 0 1 5 5 1 0 0 0 1 7 13 7 1 0 0 1 9 25 25 9 1 0 1 11 41 63 41 11 1
The elements of the horizontal half of this array are in bold in the following.
We have
Then
and hence the vertical half array corresponding to
1−x is given by the array
This matrix begins 
, and so the horizontal half of the array is given by
. 
This array begins
We calculate the product 
This is the array (1, f (x)). This is a general result.
Proposition 5. Let M V and M H be respectively the vertical and horizontal halves of the Riordan array (g(x), f (x)). Then we have
Riordan antecedents of a Riordan array half
We now consider the question: given a Riordan array (ψ(x), φ(x)), can we express it as the half (either vertical or horizontal) of another Riordan array (g(x), f (x))? If such a Riordan array (g(x), f (x)) exists, we shall call it a Riordan antecedent of the given matrix (ψ(x), φ(x)). Note that if we drop the stipulation of being Riordan, then it is possible to define an arbitrary number of lower-triangular invertible antecedents. Example 6. Consider the array R = (ψ(x), φ(x)) = 1 1−x , x 1−x (the binomial array). As we have seen, its general element is n k . We claim that the matrix with general term M = k 2k−n is a vertical antecedent of A, that is, we have M V = A. This follows since if T n,k = k 2k−n , then T 2n−k,n = 
This is in fact the Riordan array (1, x(1 + x)) so in this case we see that the binomial matrix has a vertical Riordan antecedent.
Example 7. For this example, we again take the case of the binomial matrix n k . We now consider the matrix with general term , we can calculate that T 2n,n+k = n k . Thus the matrix (
) is a horizontal antecedent of the binomial matrix.
We have the following general results.
Proposition 8. Every Riordan array (Ψ(x), Φ(x)) has a vertical Riordan antecedent.
Proof. If such an antecedent exists, then there would exist a Riordan array (g(x), f (x)) with vertical half given by
We would then have
Thus we must show that we can solve these last two equations to obtain g(x) and f (x).
Using the presumed equality of Φ(x) and φ(x), we set
.
We now solve the equation
to obtain u = u(x). Then setting g(x) = u(Rev(Φ(x))) gives us the second element of the pair (g(x), f (x)).
Example 9. We consider the Riordan array (ψ, φ)
Thus we have
We calculate f (φ(x)) = x(1+x) 2 (1−x) 2 . We must now solve for u in the equation
We obtain u(x)
The matrix
is thus a vertical Riordan antecedent of the Pascal-like Riordan array 
We also have the following result.
Proposition 10. Assume given a Riordan array (Ψ(x), Γ(x)). If there exists a solution f (x) of the implicit equation
with f (0) = 0, then we can construct a horizontal Riordan antecedent of (Ψ(x), Γ(x)).
Proof. If such an antecedent (g(x), f (x)) existed, then we should have
This last equation gives usφ
This gives us an implicit equation for f .
Let f (x) be the solution of this equation for which f (0) = 0. We can now solve for the corresponding φ since φ(x) = Rev x 2 f (x) . As before, we can now solve for g(x).
Example 11. We consider the case of the binomial matrix 1 1−x , x 1−x . Thus Γ(x) = x 1−x , and the equation
becomes the equation
This gives usφ
Solving for φ(x), we get
Solving the equation
we obtain u(x) = 2 2−x . Then we have
Thus the sought-after horizontal Riordan antecedent of the binomial matrix is given by the Riordan array
We note that while the original matrix was integer valued, its antecedent has rational values. The inverse of the antecedent matrix is the Riordan array
Example 12. We now consider the matrix (Ψ(x), Γ(x)) = It has its general (n, k) element given by n+k 2k . In this case, the implicit equation
Proceeding as above we now find that g(x) = 1.
Thus the horizontal antecedent of 1 1−x , x 
Letting T n,k = n+k 2k , we have that T n 2 ,k− n 2 = k n−k , which is the general term of (1, x(1 + x) ).
This example show that the matrix ( k n−k ) is a vertical Riordan antecedent of the binomial matrix ( n k ) and a horizontal Riordan antecedent of the matrix ( n+k 2k ). With regard to the first component g(x) of an antecedent, we have the following result.
Proposition 13. Suppose given a Riordan antecedent (g(x), f (x)) of a Riordan array (ψ(x), φ(x)). Then we have
This gives
The result now follows from φ(φ(x)) = x and φ ′ (φ(x)) = 1 φ ′ (x) .
Corollary 14. Let Ψ(x) be a primitive of ψ(x): Ψ ′ (x) = ψ(x). Then in the circumstances above, we have
Corollary 15. Let (g 1 (x), f (x)) and (g 2 (x), f (x)) be antecedents of the Riordan arrays (ψ 1 (x), φ(x)) and (ψ 2 (x), φ(x)), respectively. Then we have
) . We take (ψ(x), φ(x)) = (c(x), xc(x)) and we seek the vertical antecedent (g(x), f (x)) of this matrix. We have
Further antecedent examples
Solving for g(x), we obtain We find that the horizontal Riordan antecedent of (c(x), xc(x)) is given by Thus the elements of the expansion of g(x) are the moments of a family of orthogonal polynomials.
This array begins

